We investigate static and dynamical n(≥ 6)-dimensional black holes in Einstein-Gauss-Bonnet gravity of which horizons have the isometries of an (n − 2)-dimensional Einstein space with a condition on its Weyl tensor originally given by Dotti and Gleiser. Defining a generalized Misner-Sharp quasi-local mass that satisfies the unified first law, we show that most of the properties of the quasi-local mass and the trapping horizon are shared with the case with horizons of constant curvature. It is shown that the Dotti-Gleiser solution is the unique vacuum solution if the warp factor on the (n − 2)-dimensional Einstein space is non-constant. The quasi-local mass becomes constant for the Dotti-Gleiser black hole and satisfies the first law of the black-hole thermodynamics with its Wald entropy. In the non-negative curvature case
I. INTRODUCTION
The four-dimensionality of the spacetime is one of the biggest problems in theoretical physics. One of the possible ways to tackle to this ambitious problem is to set the number of spacetime dimensions as a parameter in order to clarify the characteristic properties of the four-dimensional spacetime. In this context, Lovelock higher-curvature gravity plays an important role because it is the most natural generalization of general relativity in higher dimensions as the second-order partial differential equations without torsion [1] . Among all the classes of Lovelock gravity, the second-order Lovelock gravity, so called the Einstein-Gauss-Bonnet gravity is particularly interesting not only because it is the simplest nontrivial Lovelock gravity but also because it is realized in the low-energy limit of heterotic string theory [2] .
Up to now, not many rigorous results have been established on the generic properties of Lovelock gravity. Under the present circumstance, the analysis in the symmetric spacetime must be completed to give a firm base for the subsequent study in the less symmetric spacetime. Hence the n(≥ 5)-dimensional spacetime having symmetries corresponding to the isometries of an (n − 2)-dimensional constant curvature space has been intensively investigated. The active study of the Gauss-Bonnet black holes was triggered by the discovery of the exact black-hole solution by Boulware and Deser and independently by Wheeler [3, 4] . This solution has been generalized to the topological case with a cosmological constant as well as the electric charge [5] [6] [7] . Interestingly, the Birkhoff's theorem can be generalized in this system [5, [8] [9] [10] . The thermodynamical aspects [11] and dynamical stability of the black hole [12] have been fully investigated and now the Gauss-Bonnet black hole attracts a keen interest from the viewpoint of gauge/gravity correspondence [13] . The dynamical aspects of the Gauss-Bonnet black holes have been recently studied [10, [14] [15] [16] . (See [17] for recent reviews.)
One of the characteristic properties of the higher-order * Electronic address: hideki-at-cecs.cl
Lovelock gravity is that the gravitational equations contain the Riemann tensors explicitly, while the Einstein tensor is written only with the Ricci tensor and the Ricci scalar. This means that the curvature-effect appears more sharply in the higher-order Lovelock gravity. This fact is explicitly shown in the solution obtained by Dotti and Gleiser in EinsteinGauss-Bonnet gravity [18] . In general relativity, if we replace the (n − 2)-dimensional space of positive constant curvature in the Schwarzschild-Tangherlini spacetime by any (n − 2)-dimensional Einstein space with positive curvature, the resulting spacetime is still a solution of the vacuum Einstein equations. However, it is not the case in higher-order Lovelock gravity. Dotti and Gleiser obtained a n(≥ 6)-dimensional black-hole solution of which (n − 2)-dimensional submanifold is not a constant curvature space but an Einstein space satisfying a certain condition on its Weyl tensor. The effect of the Weyl tensor appears in the metric function as a parameter and makes the spacetime geometry quite non-trivial.
The Dotti-Gleiser black hole is very important to clarify the nature of the higher-curvature effects. The final goal of this paper is to analyze the thermodynamical aspects of the Dotti-Gleiser black hole, which has not been done yet. Not only because the spacetime has a non-trivial boundary but also because the contribution of the Weyl tensor appears as the slow fall-off in the metric function, we first face the problem of the definition of mass for this black hole. For this purpose, we take the quasi-local mass approach. In our recent papers where (n − 2)-dimensional submanifold is of constant curvature, we showed that the results in general relativity can be generalized in Einstein-Gauss-Bonnet gravity in a unified manner by introducing a well-defined quasi-local mass [10, 15, 16] . That quasi-local mass is a natural generalization of the Misner-Sharp mass in general relativity, which is considered to be the best one in the spherically symmetric spacetime [19] . Remarkably, we will show that a further generalization of this results is possible for the case where the (n − 2)-dimensional submanifold is an Einstein space satisfying the condition by Dotti and Gleiser. Reading off the blackhole mass by the generalized Misner-Sharp mass, we study the thermodynamical aspects of the black hole.
The rest of the present paper is constituted as follows. In the following section, we give the definition of our quasi-local mass and show its basic properties. Section III focuses on the study of dynamical black holes defined by a future outer trapping horizon. The analyses in these two sections are similar to our previous works in [10, 15, 16] and therefore we omit the proofs of several propositions. In section IV, we study the properties of the Dotti-Gleiser black hole. Concluding remarks and discussions including future prospects are summarized in section V. In appendix A, we present several examples of the Einstein space satisfying the condition given by Dotti and Gleiser. In appendix B, the expressions of the curvature tensors are presented.
Our basic notations follow [20] . The conventions of curvature tensors are [∇ ρ , ∇ σ ]V µ = R µ νρσ V ν and R µν = R ρ µρν . The Minkowski metric is taken to be the mostly plus sign, and Roman indices run over all spacetime indices. We adopt the units in which only the n-dimensional gravitational constant G n is retained.
II. GENERALIZED MISNER-SHARP MASS IN EINSTEIN-GAUSS-BONNET GRAVITY

A. Preliminaries
The action in the n(≥ 5)-dimensional spacetime in Einstein-Gauss-Bonnet gravity in the presence of a cosmological constant is given by 2) where κ n := √ 8πG n , G n is the n-dimensional gravitational constant, and L GB is called the Gauss-Bonnet term. S matter in Eq. (2.1) is the action for matter fields. α is the coupling constant of the Gauss-Bonnet term. This type of action is derived in the low-energy limit of heterotic string theory [2] and then α is regarded as the inverse string tension and positivedefinite. In this paper, we don't specify the sign of α unless otherwise noted. (In our previous works in [10, 15, 16] , α > 0 was assumed.)
The gravitational equation of the action (2.1) is
where 2.5) and T µ ν is the energy-momentum tensor for matter fields obtained from S matter . The field equations (2.3) contain up to the second derivatives of the metric. In the four-dimensional spacetime, the Gauss-Bonnet term does not contribute to the field equations, i.e., H µν ≡ 0, since it becomes a total derivative.
4)
Suppose the n-dimensional spacetime (M n , g µν ) to be a warped product of an (n − 2)-dimensional Einstein space (K n−2 , γ ij ) and a two-dimensional orbit spacetime (M 2 , g ab ) under the isometries of (K n−2 , γ ij ). Namely, the line element is given by
where a, b = 0, 1; i, j = 2, ..., n − 1. Here r is a scalar on (M 2 , g ab ) with r = 0 defining its boundary and γ ij is the metric on (K n−2 , γ ij ) with its sectional curvature k = ±1, 0. We assume that (M n , g µν ) is strongly causal and (K n−2 , γ ij ) is compact. The most general material stress-energy tensor T µν compatible with this spacetime symmetry is given by
where T ab and p are a symmetric two-tensor and a scalar on (M 2 , g ab ), respectively. The (n − 2)-dimensional Einstein space satisfies 8) where (n−2) C ijkl is the Weyl tensor. The superscript (n − 2) means the geometrical quantity on (K n−2 , γ ij ). If the Weyl tensor is identically zero, (K n−2 , γ ij ) is a space of constant curvature. The Riemann tensor is contracted to give
In this paper, we consider the Einstein space (K n−2 , γ ij ) satisfying a condition 11) which is compatible with the Einstein-Gauss-Bonnet equation (2.3) and Θ is constant. The condition (2.11) was introduced originally by Dotti and Gleiser and called the horizon condition [18] . Since (K n−2 , γ ij ) is Euclidean, Θ is non-negative. The Weyl tensor vanishes identically in three or lower dimensions, so that Θ ≡ 0 holds for n ≤ 5.
Examples of such Einstein spaces with k = 0 are presented in Appendix A. Although we don't know any example with Θ = 0 and k = 0, we also consider that case in this paper. The expressions of the decomposed curvature tensors are given in Appendix B.
B. Generalized Misner-Sharp mass
We define a scalar function on (M 2 , g ab ) with the dimension of mass such that
12)
. This is a further generalization of the quasi-local mass in the case where (K n−2 , γ ij ) is a space of constant curvature, namely Θ = 0 [10, 21] . In the four-dimensional spherically symmetric case without a cosmological constant, m Θ reduces to the MisnerSharp quasi-local mass [19] .
The derivative of m Θ gives 13) where we used the following expressions:
14)
Here the contraction is taken over on the two-dimensional orbit space. Now it is easy to show that m Θ satisfies the unified first law: 16) where
17)
Here ψ a and P are a vector and a scalar on (M 2 , g ab ), respectively. A and V are the area and areal volume of the symmetric subspace, respectively, which satisfy D a V = AD a r. Equation (2.16) does not explicitly contain α, Λ, k, and Θ and has the same form as in four dimensions [22] . In four dimensions, the first and the second terms in the right-hand side are interpreted as the energy flux and the external work, respectively [22, 23] .
We define the locally conserved current vector J µ as
21) (2.22) Here ǫ µν = ǫ ab (dx a ) µ (dx b ) ν , and ǫ ab is a volume element of (M 2 , g ab ). K µ is called the Kodama vector [24, 25] , which is timelike (spacelike) in the untrapped (trapped) region. The Kodama vector K µ is divergent-free and generates a preferred time evolution vector field in the untrapped region. (This property is discussed in details in [26] .) Also, J µ is divergentfree because of the identity ∇ ν G µν ≡ 0. In fact, m Θ is a quasi-local conserved quantity associated with a locally conserved current J µ . This fact is directly observed by another expression of J µ [27] :
where we used an identity:
(It is interesting to compare the expressions (2.21) and (2.23) with the results in the stationary case given in section 7 in [28] .) From Eq. (2.23), we immediately obtain 25) which implies that m Θ is conserved along J µ . As a consequence, the integral of J µ over some spatial volume with boundary give m Θ as an associated charge. (See section III in [10] .) m Θ has a monotonic property, which is one of the most important properties for the well-defined quasi-local mass. In a similar manner to Proposition 4 in [10] , it is shown that m Θ is non-decreasing (non-increasing) in any outgoing (ingoing) spacelike or null direction on an untrapped surface under the dominant energy condition.
Using the monotonic property, we can show the positivity of m Θ on the untrapped spacelike hypersurface with a regular center for Θ = 0. (See Proposition 5 in [10] .) Positivity is another important property for the well-defined quasi-local mass. For Θ = 0, however, the spacetime cannot be regular
Although it is difficult to show positivity of m Θ in a generic case, the case with the following special combination between Λ and α is exceptional:
which provides a single maximally symmetric vacuum solution for the theory and makes the theory the Chern-Simons gravity in five dimensions [29, 30] . With the relation (2.26), Eq. (2.12) becomes 27) and hence m Θ > (<)0 is satisfied for α > (<)0 without other assumptions. Solving Eq. (2.12) for (Dr) 2 , we obtain
There are two families of solutions corresponding to the sign in front of the square root in Eq. (2.28), stemming from the quadratic curvature terms in the action. We call the family having the minus (plus) sign the GR-branch (non-GR-branch) solution. Note that the GR-branch solution has a general relativistic limit as α → 0, 30) but the non-GR branch does not. Throughout this paper, the upper sign is used for the GR branch. Also, we assume
A branch surface is where two branches of solutions degenerate.
It is shown that the branch surface is generically a curvature singularity. (The proof is similar to Proposition 12 in [15] .) Since L must be non-negative, we obtain m Θ ≥ (≤)m b for α > (<)0, where m = m b is the mass on the branch surface given by
Hence, m Θ has a lower (upper) bound for α > (<)0.
III. BLACK HOLE DYNAMICS WITH NON-CONSTANT CURVATURE HORIZONS
In this section, we discuss the dynamical aspects of black holes. The analysis is performed in the same way as the case with Θ = 0 in [15] , and hence we omit the proofs of several propositions given in this section.
The line element may be written locally in the double-null coordinates as
Null vectors u µ (∂/∂x µ ) = (∂/∂u) and v µ (∂/∂x µ ) = (∂/∂v) are taken to be future-pointing. The governing equations (2.3) are written as
3)
The expansions of two independent future-directed radial null vectors ∂/∂v and ∂/∂u are respectively defined as
where A is the area of the symmetric subspace defined by Eq. (2.19) . The quasi-local mass m Θ is expressed as 3.8) and the unified first law (2.16) gives
We impose the energy conditions on the matter field. The null energy condition for the matter field implies 11) while the dominant energy condition implies
Now let us study the properties of trapping horizons. The notion of trapping horizons was originally introduced by Hayward [31, 32] .
is the union of all trapped (untrapped) surfaces. A marginal surface is a compact (n − 2)-surface with θ + θ − = 0.
We fix the orientation of the untrapped surface by θ + > 0 and θ − < 0, i.e., ∂/∂u and ∂/∂v are ingoing and outgoing null vectors, respectively.
Definition 4 A trapping horizon is the closure of a hypersurface foliated by future or past, outer or inner marginal surfaces.
Among all classes, the future outer trapping horizon is the most relevant in the context of black holes [31, 32] . Since the branch surface is generically a curvature singularity, we remove the branch surface from our discussions.
An important fact is that trapping horizons do not always exist. The following Proposition is shown directly by Eq. (2.28) without using energy condition.
Proposition 1 (Absence of trapping horizons.) Let α > 0 be assumed. Then, an (n − 2)-surface is necessarily untrapped, and trapping horizons are absent in the non-GR-branch solution for k = 0 and 1. In the GR-branch (non-GR-branch) solution for k = −1 with r 2 < (>)2α, an (n − 2)-surface is always trapped (untrapped), and trapping horizons are absent. Next let α < 0 be assumed. Then, an (n − 2)-surface is necessarily trapped, and trapping horizons are absent in the non-GR-branch solution for k = 0 and −1. In the GR-branch (non-GR-branch) solution for k = 1 with r 2 < (>) − 2α, an (n − 2)-surface is always untrapped (trapped), and trapping horizons are absent.
By Proposition 1, in the case of α > 0, trapping horizons may exist only for k = 1, 0 and k = −1 with r 2 > 2α in the GR branch and k = −1 with r 2 < 2α in the non-GR branch. In the case of α < 0, on the other hand, they may exist only for k = −1, 0 and k = 1 with r 2 > −2α in the GR branch and k = 1 with r 2 < −2α in the non-GR branch. In addition to these conditions, an inequality L(r h ) > 0 must be satisfied in order to have a horizon in a physical region, where L is given in Eq. (2.29) .
Mass on the trapping horizon r = r h is given from Eq. (3.8) as
Because of the monotonicity of m Θ , the following mass inequality for m h is satisfied [33] Proposition 2 (Mass inequality.) If the dominant energy condition holds, then m Θ ≥ m h (r h ) holds on an untrapped spacelike hypersurface of which the inner boundary is a marginally trapped surface with radius r h .
For α ≥ 0 and Λ ≤ 0 with k = 1, Proposition 2 gives a positive lower-bound for m Θ in the black-hole spacetime. For the trapping horizon, the following propositions are satisfied. (The proofs are similar to the Propositions 10, 11, and 14 in the case with Θ = 0 in [15] .) Proposition 3 (Signature law.) Under the null energy condition, an outer (inner) trapping horizon in the GR branch is non-timelike (non-spacelike), while it is non-spacelike (nontimelike) in the non-GR branch.
Proposition 4 (Trapped side.) Let the null energy condition be assumed. Then, the outside (inside) region of a future inner trapping horizon is trapped (untrapped) in the GR branch, and the outside (inside) region of a future outer trapping horizon is untrapped (trapped) in the non-GR branch. To the contrary, the future (past) domain of a future outer trapping horizon is trapped (untrapped) in the GR branch, and the future (past) domain of future inner trapping horizon is untrapped (trapped) in the non-GR branch.
Proposition 5 (Area law.) Under the null energy condition, the area of a future outer (inner) trapping horizon is nondecreasing (non-increasing) along the generator of the trapping horizon in the GR branch, while it is non-increasing (non-decreasing) in the non-GR branch.
It is noted that Propositions 3-5 are satisfied independent of the sign of α. Propositions 3 and 4 mean that a future outer trapping horizon in the GR branch is a one-way membrane being matched to the concept of a black hole as a region of no escape. On the other hand, solutions in the non-GR branch have pathological properties. This is naturally explained by
(3.14)
The null convergence condition R µν k µ k ν ≥ 0 means that gravity is essentially an attractive force. In general relativity, the null energy condition T µν k µ k ν ≥ 0 ensures the null convergence condition. It is the same in the GR branch but the null convergence condition is violated in the non-GR branch under the strict null energy condition T µν k µ k ν > 0. That's why it was intriguing that the dynamical entropy on the future outer trapping horizon is non-decreasing under the energy condition independent of the branch, shown for Θ = 0 with α > 0 [15] . Indeed, this entropy increasing law is also satisfied in the case with Θ independent of the sign of α.
Let us first define the dynamical entropy. The unified first law (2.16) can be written as
The first and second terms in the right-hand side vanish on the trapping horizon. Evaluating on the trapping horizon with its generator ξ a , we obtain 16) where the dynamical surface gravity κ TH is defined by Identifying the right-hand side as T TH L ξ S TH , where T TH := κ TH /(2π) is the temperature of the trapping horizon, we obtain the dynamical entropy as 18) where the constant factor was set to zero in order to match the Wald entropy shown in the next section. It is noted that the entropy formula (3.18) does not contain Θ explicitly. Also in the case with Θ, the following entropy-increasing law is satisfied independent of the sign of α. (The proofs are similar to the Proposition 15 in the case with Θ = 0 in [15] .) Proposition 6 (Entropy law.) Under the null energy condition, the entropy of a future outer (inner) trapping horizon is non-decreasing (non-increasing) along the generator of the trapping horizon in both branches.
Up to here, the properties of the trapping horizon were almost the same as the case with Θ = 0. At the end of this section, we show that the positive constant Θ affects the topology of the trapping horizon. Evaluation of Eq. (3.4) on a trapping horizon gives (3.19) We notice that Θ term in the left-hand side gives a positive (negative) contribution for α > (<)0. By Proposition 1, the last term in the right-hand side is non-negative for the outer horizon (θ +,u < 0) in the GR branch (independent of the sign of α). Hence, the right-hand side of Eq. (3.19) is non-negative for Λ ≥ 0 under the dominant energy condition. On the other
h > 0 is shown in the GR branch by Proposition 1. Hence, the following proposition holds. Proposition 7 (Topology.) Under Λ ≥ 0 and the dominant energy condition, an outer trapping horizon in the GR branch must have a topology of non-negative curvature for Θ = 0 and of positive curvature for Θ = 0 with α < 0.
In contrary, the horizon topology of negative curvature might be possible in the GR branch for Θ = 0 with α > 0 in the same setting.
IV. DOTTI-GLEISER VACUUM BLACK HOLE
In the last section, we showed that m Θ is a natural generalization of the Misner-Sharp mass in the present system. In this section, we adopt m Θ to evaluate the mass of the vacuum black hole. In the vacuum case, we obtain m Θ = M =constant because of Eq. (2.16). Dotti and Gleiser obtained a static vacuum solution [18] , of which metric is given as
where
There are curvature singularities at r = 0 and at r = r b defined by
The latter is a branch singularity. For Θ = 0, this solution reduces as particular limits to the known solutions obtained before [3] [4] [5] [6] [7] . M b has a positive (negative) local maximum (mininum) M b = M b(ex) at r = r b(ex) for α > (<)0, where r b(ex) and M b(ex) are defined by
and we have
A Killing horizon r = r h is given by f (r h ) = 0. The relation between the mass and the horizon radius is given by
For later convenience, we calculate
For a certain range of parameters, this Dotti-Gleiser solution admits an outer Killing horizon defined by df /dr| r=r h > 0, corresponding to the black-hole horizon. An example is the case with n ≥ 6, k = 1, α > 0, and Λ = 0 in the GR branch. (See Fig. 1 (a) .) Interestingly, there is also an outer Killing horizon in the case for n ≥ 6, k = 0, α > 0, and Λ = 0 in the GR branch, which is realized only with Θ = 0. (See Fig. 1 (b) .) In these cases, M = M h (r) is monotonically increasing for r h > 0. In the presence of a branch singularity for given M , we only consider the domain of r connecting to the asymptotic region, namely r b < r < ∞.
We obtain 11) and hence M h ≥ M b is satisfied for α > 0 with equality holding only at r = 0 and r 2 = −2αk for k = −1. For α > 0 with k = 1, the branch singularity is in the untrapped region since f (r b ) > 0 is satisfied. For n ≥ 6, k ≥ 0, α > 0, and Λ = 0 in the GR branch, the asymptotic region r → ∞ is in the untrapped region. There is a maximum in the curve M = M b (r) at M = M b(ex) (> 0). As a result, there is one non-degenerate outer horizon for M > M b(ex) and no horizon for M ≤ M b(ex) .
A. The Birkhoff's and rigidity theorems
Here we show that the Dotti-Gleiser solution is the unique vacuum solution with Θ = 0 if r is not constant. (See [35] for the discussion in a larger class of spacetimes.) Proposition 8 (Vacuum solutions.) For Θ = 0, an ndimensional vacuum spacetime in Einstein-Gauss-Bonnet gravity with the metric form (2.6) is isometric to the DottiGleiser solution (4.1) if r is not constant, and the Nariai-type solution if r is constant. Proof. First we consider the case with (Dr) 2 = 0. In this case, we can adopt the coordinates such as
without loss of generality. Then the (t, r) or equivalently (r, t) component of the field equation (2.3) give g(t, r) = g(r) or g(t, r) = k + r 2 /(2α). Putting g(t, r) = k + r 2 /(2α) in the field equation (2.3), we obtain a single equation
This equation is not satisfied for Θ = 0 and α = 0, and hence we obtain g(t, r) = g(r). Then the equation G t t − G r r = 0 gives g(r) = k + r 2 /(2α) or ∂δ(t, r)/∂r = 0, and hence we obtain δ(t, r) =δ(t). The functionδ(t) can be set to zero by the redefinition of the time coordinate and finally the field equations are integrated to give the Dotti-Gleiser solution, namely g(r) ≡ f (r),
Next we consider the case with (Dr) 2 = 0. First we consider the case that D a r is a null vector. Then, we can adopt the coordinates such as
without loss of generality. Then the (u, u) or equivalently (r, r) component of the field equation (2.3) gives
Since Θ is positive, the above equation gives a contradiction. Thus the only possible case for Θ = 0 with (Dr) 2 = 0 is that r is a constant r 0 . This case was considered in [36] , in which (M 2 , g ab ) is the two-dimensional maximally symmetric spacetime, of which Ricci scalar (2) R and r 0 are given as
This is a Nariai-Bertotti-Robinson-type spacetime [37] , of which quasi-local mass m N is constant given by
The parameters Λ, α, k, n, and Θ are taken for r 2 0 to be real and positive. (M 2 , g ab ) is the two-dimensional flat or (A)dS spacetime corresponding to (2) 
Indeed, the vanishing quasi-local mass m Θ = 0 is related to the vacuum. The following rigidity theorem holds. (The proof is similar to Proposition 1 in [16] .) Proposition 9 (Rigidity.) Under Θ = 0 and the dominant energy condition for k = 1, Λ ≤ 0, and α > 0, m Θ ≡ 0 is equivalent to the massless (M = 0) Dotti-Gleiser solution.
Although the Nariai-type solution may have zero quasilocal mass, it does not conflict with the above proposition. m N certainly becomes zero for the solution (4.16) with the upper sign andΘ
However, since we have r 2 0 = k/(2Λ) and hence kΛ > 0 is required in this case, the assumption in Proposition 9 is not satisfied.
B. Wald entropy and the first-law of the black-hole thermodynamics
Finally we discuss the thermodynamical aspects of the Dotti-Gleiser black hole. Since the quasi-local mass m Θ gives M for the Dotti-Gleiser solution (4.1), we identify M as the mass of the Dotti-Gleiser black hole. As shown below, the mass M and the Wald entropy of the Dotti-Gleiser black hole satisfy the first-law of the black-hole thermodynamics.
Let us calculate the Wald entropy of the Dotti-Gleiser black hole. The Wald entropy is defined by the following integral performed on (n − 2)-dimensional spacelike bifurcation surface Σ [38] [39] [40] : 20) where dV 2 n−2 is the volume element on Σ, ε µν is the binormal vector to Σ normalized as ε µν ε µν = −2, and L is the Lagrangian density. ε µν may be written as ε µν = ξ µ η ν − η µ ξ ν , where ξ µ and η µ are two null vector fields normal to Σ satisfying ξ µ η µ = 1. The Lagrangian density of Einstein-GaussBonnet gravity is given by
For the later use, we calculate
In a similar manner, we calculate (4.24) For the metric (4.1), Σ is given by t =constant and r = r h =constant and we have ε tr = 1. Then, we obtain (4.25) and
Finally, the Wald entropy is given by 27) where A h is the area of the horizon. This coincides with the form of the dynamical entropy (3.18) . We show that the first-law of the black-hole thermodynamics is satisfied for the Dotti-Gleiser black hole. The variation of Eq. (4.8) with respect to r h is
On the other hand, the variation of S W with respect to r h is
The surface gravity κ := (1/2)(df /dr)| r=r h is given by
From Eq. (4.28), (4.29) , and (4.30), we obtain (4.31) where the temperature of the horizon defined by T := κ/(2π). This is the first-law of the black-hole thermodynamics.
C. Thermodynamical stability
Subsequently, we discuss the thermodynamical stability of the Dotti-Gleiser black holes. The heat capacity C is given by
The positive heat capacity means the local thermodynamical stability. dT /dr h and dM/dr h are given as
33)
If the system is thermodynamically locally stable, we may discuss the global thermodynamical stability by the free energy defined by F := M − T S. If F < 0, the system is thermodynamically globally stable. The free energy of the Dotti-Gleiser black hole is given as
36)
The thermodynamical stability depends on the parameters Λ, α, k, Θ, and n and therefore it is quite complicated to clarify the parameter-dependence of the thermodynamical stability. (See [7] for the analysis with Θ = 0.) In addition, the Dotti-Gleiser black hole may have a branch singularity at a finite physical radius r = r b which makes the allowed position of the horizon not being 0 < r h < ∞. Nevertheless, the thermal instability is proven analytically for some particular cases.
Proposition 10 (Thermodynamical instability.) Suppose α > 0 and Θ = 0 (and hence n ≥ 6). Then, C < 0 is satisfied for r h > 0 in the case with Λ = 0 and k ≥ 0. Also, F > 0 is satisfied for r h > 0 in the case with Λ ≥ 0 and k ≥ 0.
Proof. Let us consider the case with α > 0, Θ = 0, and k ≥ 0. Since 7n 2 − 46n + 39 > 0 for n > 5, we show dT /dr h < 0 by Eq. (4.33) for any r h > 0 in the case of Λ ≥ 0. Also, we show dM/dr h > 0 by Eq. (4.35) for any r h > 0 in the case of Λ ≤ 0. Hence, C < 0 is satisfied for Λ = 0. It is also seen in Eq. (4.36) that F > 0 is satisfied for any r h > 0 in the case of Λ ≥ 0.
We already showed the existence of the black-hole configuration for k ≥ 0, α > 0, Λ = 0, and Θ = 0 at the beginning of this section. (See Fig. 1 .) Proposition 10 implies that the Dotti-Gleiser black hole cannot be thermodynamically locally stable in such a case. Even if it becomes locally stable for Λ = 0, α > 0, and k ≥ 0, it cannot be globally stable for Λ > 0.
Closing this section, we discuss the formation and the evaporation of the Dotti-Gleiser black hole. In the case without the Weyl term, the Boulware-Deser-Wheeler black hole can be formed from the gravitational collapse of some matter cloud with a regular center [21, 34] . In contrary, it is not straightforward to imagine such a classical formation process in the presence of the Weyl term because it violates the regularity condition at the center. Nevertheless, the Dotti-Gleiser black hole could be formed by some quantum process. After the formation, the black hole loses its mass and shrinks by the Hawking radiation. Let us consider the case of Λ = 0, α > 0, and k = 1, for example. In this case, there is a positive lower bound M = M b(ex) (> 0) for the black-hole mass. (See Fig. 1  (a) .) Since the temperature of the black hole is still non-zero at M = M b(ex) , a non-central naked singularity suddenly appears after some moment as a final state of the Hawking radiation. This evolution scenario is characteristic in the presence of the Weyl term.
V. SUMMARY
In this paper, we studied the properties of static and dynamical black holes in the symmetric spacetime in Einstein-Gauss-Bonnet gravity. We assumed that the ndimensional spacetime is a cross product of the twodimensional Lorentzian spacetime and a (n − 2)-dimensional Einstein space with a condition on the Weyl tensor given by Dotti and Gleiser. We constructed an infinite sequence of such Einstein spaces as cross products of many Einstein spaces satisfying that condition.
Although the effect of the Weyl tensor appears non-trivially in the field equations, the unified first law is shown to hold by introducing a natural generalization of the Misner-Sharp quasi-local mass. It was shown that that quasi-local mass has the monotonic property and most of the dynamical properties of black holes are shared with the case where the (n − 2)-dimensional submanifold is of constant curvature.
In the vacuum case, we showed the Birkhoff's theorem stating that the Dotti-Gleiser solution is the unique vacuum solution in the case where the warp factor of the (n − 2)-dimensional submanifold is non-constant. The mass and the Wald entropy of the Dotti-Gleiser black hole satisfy the firstlaw of the black-hole thermodynamics. We derived the heat capacity and the free energy of the Dotti-Gleiser black hole and showed that it cannot be thermodynamically locally stable for Λ = 0, α > 0, Θ = 0, and k ≥ 0. Even if it becomes locally stable for Λ = 0, α > 0, Θ = 0, and k ≥ 0, it cannot be globally stable for Λ > 0.
As a future study, it is important to clarify the parameterdependence of the thermodynamical stability of the DottiGleiser black hole. The analysis seems rather complicated because of the many parameters as well as the branch singularity at a finite radius. For the comprehensive study in a systematic way, the approach using the M -r h diagram presented in [41] will be useful.
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Appendix A: Einstein spaces satisfying the horizon condition
In [18] , Dotti and Gleiser gave a unique example with k = 1 satisfying the horizon condition (2.11) in the class of the Bohm metric [42, 43] . It is a cross-product of two m(≥ 3)-dimensional spheres. This example is contained in the following proposition 11 as a special case. Another non-trivial example satisfying the horizon condition was given in [35] , which is a class of the Bergman space. The metric is
wherel and p are constant, with which we obtain
σ i (i = 1, 2, 3) are the standard bases of left invariant oneforms on SU (2). In order to satisfy
with d = 4 and k = 1, we set pl 2 = 1 and hence we have Θ = 6.
In [35] , it was also shown that a four-dimensional Einstein space S 2 × S 2 satisfies the horizon condition. Its metric and curvature quantities are
In order to satisfy 
with the same warp factors also satisfies the horizon condition.
of which metric is given as
where i, j = 1, 2, · · · , d and a σ , b σ = (σ −1)q +1, (σ −1)q + 2, · · · , σq for σ = 1, · · · , q. r 0 is a constant andγ aσbσ is the metric on K p satisfying the horizon condition, namely
is satisfied for each σ, whereΘ is a non-negative constant and the superscript (p) means that it is a geometric quantity on
which is contracted to give
The metricγ aσ bσ may be chosen such that the curvature constantk becomesk = ±1, 0.
Non-zero components of the Riemann tensor, Ricci tensor, and the Ricci scalar on
Here the superscript (d) means that it is a geometric quantity on (M d , γ ij ). Equation ( 
Let us consider which set of (ρ, κ, ω) gives a non-zero component for a given σ. The component for σ = κ = ρ = ω is 
The component for σ = ω = κ = ρ is
The component for σ = κ = ρ = ω is 
Other sets of (ρ, κ, ω) are zero. Hence, we obtain 
Writing the horizon condition on (M d , γ ij ) as
we finally obtain the relation between Θ andΘ as
Appendix B: Tensor decomposition
In this appendix, we present the decompositions of the Einstein and Gauss-Bonnet tensors. The non-vanishing components of the Levi-Civitá connections are 
where the superscript (2) denotes the two-dimensional quantity, and D a is the two-dimensional linear connection compatible with g ab .Γ i jk is the Levi-Civitá connection associated with γ ij . The Riemann tensor is given by 
The Einstein tensor is given by
R + (n − 3)rD
